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Abstract

In this paper, we propose two resource allocation schemes for energy efficient cognitive radio
systems. Our design considers resource allocation approaches that adopt spectrum sharing combined
with soft-sensing information, adaptive sensing thresholds, and adaptive power to achieve an energy
efficient system. We consider an energy per good-bit metric as an energy efficient objective function.
Our formulation targets a multi-carrier system, such as, orthogonal frequency division multiplexing. The
two resource allocation schemes, using different approaches, are designated as sub-optimal and optimal.
The sub-optimal approach is attained by optimizing over a channel inversion power policy. The optimal
approach utilizes the calculus of variation theory to solve a problem of instantaneous objective function
subject to average and instantaneous constraints with respect to functional optimization variables. In
addition to the analytical results, selected numerical results are provided to quantify the impact of

soft-sensing information and the optimal adaptive sensing threshold on the system performance.
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I. INTRODUCTION

Green communication is a major contributor to the global greenness. Therefore, we note
the high demand on reducing the mobile phones power consumption while achieving high
throughput. It is found that the radio’s power consumption reaches up to 50 percent of the
mobile device’s power consumption [1]. Cognitive radio (CR) technology is a potential candidate
to achieve greenness communication [2]. There are many proposals to achieve greenness for CR
technology under both MIMO and SISO environment [3], [4], [5], [6], [7]. Recall that CR has
been proposed to overcome the inefficient use of frequency spectrum and its resulting scarcity. In
CR, secondary user (SU) may share the bands of the primary user (PU) through various schemes
[8], [9]. Combining the knowledge of PU’s existence into the SU’s transmission scheme results
in an improved performance. Therefore, existing work utilizes the PU’s soft-sensing information
in single-input single-output systems to maximize the system capacity [10], [11].

It is well known that the transmission power is one of the main factors in deciding the system
communication rate, reliability, and power consumption [12]. Therefore, researchers have been
working toward achieving an optimal energy efficient system, i.e., minimizing the system energy
while preserving its quality of service (QoS) parameters, in terms of rate, delay, etc. There are
several approaches to handle the problem by optimizing either the rate or the overall energy.
Some researchers consider optimizing the total transmission power consumption while forcing
the rate constraint to be above a certain threshold [13], while others consider maximizing the rate
under a total power budget [14], [15]. The authors of [6] considered a downlink, multi-casting,
SU system under MIMO environment. The transmission power subject to primary interference
constraint is minimized as a quadratic constraint quadratic problem under imperfect channel
state information (CSI). Two randomization schemes have been proposed since the problem
is not a convex one. It is argued that minimizing the energy per goodbit (EPG) outperforms
both categories in-terms of system energy efficiency [16], [17]. The EPG function describes the
energy consumption per successfully received bit. The authors of [18] considered a throughput
per energy as an energy efficiency metric. They proposed a joint design of the optimal sensing

duration and transmission duration, without an optimal power allocation, to maximize their
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system efficiency. They guaranteed the protection of PU via limiting the detection probability
within a certain threshold.

In this paper, we design and analyze an energy efficient spectrum sharing system by utilizing
the sensing information about PU. Two resource allocation schemes have been proposed to show
the impact of adaptive optimal power, adaptive sensing threshold, and soft-sensing information

on the system performances. A description of our settings is as follows,

o We assume that the SU network is a delay intolerant network, such as, Voice over IP, Video
over IP, and the legacy phone networks. On the other hand, the PU network, which appears
in our problem through the average constraint, is assumed to be delay tolerant network,
such as, file sharing network, ftp, and http.

« We consider the existence of a temporal database that describes the presence of PU for
certain periods of time. The database acts as a source for the prior hypotheses of PU
existence, not as a sensing source (it is accessed by SU in a daily or weekly basis). This
database has been developed through learning algorithms or experiments and measurements
which have been done by a spectrum organization via exploiting a cognitive radio engine
[19], [20].

o Under the proposed system, we assume the availability of a spectrum sensor, at the SU,
which collects real time information about PU signal. This assumption allows us to enforce
and adjust the prior probability of PU existence which was obtained from the database.
Furthermore, this sensor improves the accuracy of the probability of PU existence at the
database. Most importantly, the sensing metric, resulted from the SU sensor, gives a relative
measurement on how much a SU can aggregate on the corresponding sub-channel. Large
SU power aggregation is allowed when the sensing metric indicates that the corresponding
long-term effect on PU is small. Whereas, power aggregation is not allowed when the
sensing metric indicates a high long-term effect on PU.

o We assume that the SU sensor adopt an energy detection scheme for attaining the soft-
sensing information. This choice is justified by the fact that it is hard to obtain PU CSI
beforehand.



o In the benchmark system, we assume no existence of an on-board spectrum sensor. This
assumption highlight the gain of utilizing the adaptive sensing threshold and the soft-sensing
information.

o We develop three more benchmark systems, in Section IV, to further evaluate the perfor-
mance of the proposed systems.

o We consider both the EPG cumulative density function (CDF) and the outage metrics

(formally defined later) to evaluate our system performance.

The proposed approaches are designated as sub-optimal and optimal approaches. The sub-optimal
one is achieved via optimizing the EPG metric using a channel inversion power policy (thus
noted as sub-optimal). Whereas, the optimal one utilizes the calculus of variation to minimize
an instantaneous EPG subject to average and instantaneous constraints (thus noted as optimal).
In our analysis, we prove the pseudo-convexity structure of the objective function (EPG) and the
quasi-convexity of the corresponding constraints. This facilitate the finding of a global optimal
solution. Our numerical results confirm that the optimal approach achieves better performance
compared to the sub-optimal one. Analytical results are provided for both the proposed and
benchmark systems. Numerical results show the improvement of the proposed schemes compared
to the benchmark ones.

Unlike [16], which minimizes the EPG metric without considering the CR environment, our
work protects the PU and utilizes the sensing information in order to minimize the EPG metric.
In addition to the difference in the system model assumptions, the utilization of quasi-convexity
and pseudo-convexity analysis of the targeted problem is distinct from that in [21], [22].

The organization of the paper is as follows. Section II describes our system model with a
related background on PU sensing approach. Section III discusses the problem formulation and
analyzes of both the benchmark (optimal and sub-optimal schemes) and proposed (optimal and

sub-optimal schemes) systems. Finally, selected numerical results are presented in section IV.



II. SYSTEM MODEL AND RELATED BACKGROUND
A. System Model

In this system, we consider a CR multi-carrier system where all terminals have a single
antenna, i.e., single-input single-output (SISO) system. Figure 1 shows our system model for sub-
channel 7, where 7 is the index of a sub-carrier in the orthogonal frequency-division mutiplexing
(OFDM) system, ¢ € {1, ..., N}. In Fig. 1 the fading channels between primary transmitter (PT)

and secondary receiver (SR), primary receiver (PR) and secondary transmitter (ST), ST and

)

SR are designated by h,s;, hspi, hsi, and their corresponding squared modulus 7,5 = |hpsi 2
Yepi = |Pspil?s Ysi = |hsil?, respectively. The previously mentioned channels gains are assumed to

be independent. The corresponding channel vector is expressed as v,, = {Vpst1, Yps2, - - - > VpsN }»

75p = {73[)1778[)27 <. 7/7317]\/}’ and '73 - {7817/7327 CRC 778]\7}-

PR

10SUdG

PT

Fig. 1. System Model.

It is assumed that the sensor is on the SR side. Additionally, we consider that both ST and
SR share the knowledge about the sensing information ((;, defined later), the SU channel ~,;,
and the average value of ~,,; (7)) through a feedback channel. It is assumed that PT transmits
with a fixed P,. This is justified by the fact that PT may not know the instantaneous value of
its channel, and thus it is using a constant power policy. On the other hand, ST has an adaptive

power allocation policy (to be described later) denoted as P, per sub-carrier. SU decodes the PU

s1°

interference as noise, since it does not know ~,,;. Hence, it is unable to perform any interference

mitigation technique. Considering that our system adopt a CR environment, we have to protect the



PU from the SU interference. Therefore, we enforce an average constraint on the ST interference

toward the PR.

B. Sensing Background

In this section, we provide the necessary background for incorporating the sensing information
in our system. The sensing information is associated with our optimization problem through the
average constraint on the interference from ST to PR. Figure 2 shows the sensing framework,
where the radio senses the channels for a period of time 7}, then transmits for a period of
time 7.. In this work, we assume that 7. >> T, such that 7T does not affect our performance.
Furthermore, we assume that the channel coherence time is large enough so that it does not

change within two periods of sensing. In our system, we use an energy detection scheme,

Sensing  Communication r.>>T,
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Fig. 2. Sensing Framework.

because we do not have a prior knowledge about the PU CSI. As known in the literature [23],

the output of the energy detector is expressed as follows,

N,
1 < 9

GIN = 7 Zl [y (m)? - (1)

The vector expression of the sensing information is ¢ = {(3,(s,...,(n}, and N; is the number

of sensing samples. The received signal at SR sensor, y;(n), corresponding to sub-carrier i, is

expressed as follows,

ni(n) Ho:  (PU is idle)
yi(n) = : )
hpsi(n)xi(n) +ni(n) Hi: (PU is active)

where, z;(n) is the transmitted symbol from the PT at sub-carrier ¢, 7;(n) is the Additive White

Gaussian Noise (AWGN) at the sensor side at sub-carrier 7.
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The authors of [23] have done a thorough investigation on the probability density function
(PDF) of (;(Ns) for both cases Ho and #;. Following the same general approach, we obtain
the PDF of both #, and #,, which we designate as ho((;) and hq((;), and their corresponding
means /i, i1, and variances 03, 8%, respectively. Deciding whether PU is active or idle requires an
optimal decision mechanism. We use the likelihood function of the PDFs of the two hypotheses

as follows,
ho(C:)
hi(Gi) =

3)

where, v,; is the sensing threshold which identifies the absence of PU if (3) is satisfied. By
solving the inequality in (3), we obtain a set of (; that lies within a region Z; and satisfies (3),
meaning that PU is idle. On the other hand, if (3) is not satisfied, then the set of the resulting
values of (; lie within a region Z;, where Z; = Z,, and the PU is declared to be active, so we

refrain from transmitting.

III. PROBLEM FORMULATION AND SYSTEMS’ ANALYSIS.

This section is divided into two sub-sections. The first one discusses the sub-optimal analysis of
both the benchmark and proposed systems, whereas, the second sub-section considers the optimal
analysis of both systems. Before proceeding with the mentioned sub-sections, we illustrate a
common problem formulation that is shared by all systems and schemes, i.e., benchmark and
proposed under both sub-optimal and optimal approaches.

The EPG metric is a common objective function among all schemes. Furthermore, there are
three common constraints, namely, peak power constraint, minimum rate constraint, and average
PU interference constraint (CR constraint). The formulation of the common problem, called P,

is expressed as follows,

Py : min EP, () = — Lim D7) e (42)
P(v) Zz 1 log(l + 1‘:PP’7P91)

s.t. P, (%) < Ppaw, Vie{l,...,N} (4b)

Sountrs T 2 @



E%‘ [Psz (7)78pi_Pave] SO, \V/ZG {L,N} . (4d)

The EPG objective function is defined as the power to rate ratio, as in (4a). The power profile

P

. () and P, are the transmission powers of SU and PU, respectively, at sub-carrier ¢, N is the

total number of sub-carriers. The power profile P,; (+y) is defined individually for the benchmark
and proposed systems in each of the following sub-sections. The corresponding vector of the
power profile is expressed as P (y) = {P, (7), Py (7¥),..., P,y (7)}. The parameters P,
and R,,;, are assigned constants for the SU’s instantaneous power budget per sub-carrier and
minimum fixed rate of the SU, respectively. The constants k; and k. refers to the power amplifier
and circuit operation constant powers, respectively. The variable ~y; is defined separately in the
proposed systems and the benchmark ones. In the proposed systems y; consists of 7, Vspi» and
the sensing metric variable (;, whereas, under the benchmark systems ~; consists only of ~;
and 7y, only. The vector notation of ~; is expressed as v = {7V1,...,7n}. Py is the average

power constraint on the received interference by PR from ST, and it is defined as,

Qint h?(g’:) > vui () PU is ON

hi(
ho(¢:
P, h1(&)

Pave = &)

—

> vui () PU is OFF

Recall that Pr{PU is ON} and Pr{PU is OFF} are the probabilities of PU being active and
idle, respectively, obtained prior from the database. The objective is to tune the interference
threshold F,,. depending on the sensing information and the prior information. Intuitively, if
PU is ON, then P, is set to the lowest value, otherwise, F,,. can be arbitrary high. It is then
clear that ();,; < P. In case we do not have sensing information about PU existence (as in the

benchmark cases) we consider the worst case (to protect the PR) and use P,,. = Q. It is also

ho(¢)
h1(¢i)

case it is not necessary to enforce an interference constraint. Constraint (4b) is the peak power

worth mentioning that in case < 7, We stop transmitting, i.e., P,; = 0, therefore, in this
constraint over each sub-carriers, constraint (4c) is the minimum required SU rate constraint,
and (4d) is the average power and interference constraint. This formulation of an instantaneous
objective function with an average interference constraint is justified by the earlier assumption.

Where the PU system operate under a delay tolerant constraints, whereas, the SU is intolerant



toward the delay.

Note that the structure of problem (4) is complicated to solve for several reasons as follows.
The objective function (4a) is an instantaneous function, whereas constraint (4d) is an average
constraint. This is a difficult problem if the term inside the optimization variables are a functional
of functions, P, (v,). In Sec. III-B we solve this problem through a series of steps and using
the calculus of variation theory. Furthermore, the objective function (4a) is clearly a fractional
non-convex function on P,;. Therefore, it is essential to show a technique that provide a global
optimal solution to the problem. It is known that by satisfying the Karush-Kuhn-Tucker (KKT)
conditions a global optimal solution can be obtained for a convex problem, i.e., convex objective
function with convex constraint. A generalized version of this result is stated in the theorem below

[24][Sec. 4.4]. Prior to Theorem 1 it is necessary to define the following,

Definition Problem P is defined as follows,
P min f(z),z € S = {CL‘ € X :gi(x)<0,i€ {1,...,m}}. (6)

Theorem 1. Consider problem P with xq as a feasible point. Let | be pseudo-convex at xy € S

and that g; are differentiable and quasi-convex at x. If there exist \; € R, such that,

V(o) + X0 AiVgi(zo) =0, i € {1,...,m}
ANi>0,ie{l,...,m} , (7)
Nigi(xg) =0, i€ {1,...,m}

then xq is a global minimum point for P.

Proof: The proof is stated in [24][Sec. 4.4]. |
Theorem 1 is utilized to solve problem 4. The following lemma is deducted to show that

problem 4 satisfies the pseudo-convexity and quasi-convexity settings stated in Theorem 1.

Lemma 1. Let P%(v) be an optimal solution, of problem Py, that satisfies the KKT conditions.

It follows that P% () is a global optimal solution for problem P.

Proof: The proof is in Appendix A [ ]
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A. Sub-Optimal Approach: Channel Inversion

In this section, we address the analysis of the benchmark system through the sub-optimal
approach. Then, we proceed with the analysis of the proposed system through the sub-optimal
approach.

1) Benchmark System Analysis: In this section, we analyze the benchmark system, which does
not consider the sensing information, using the sub-optimal approach. The benchmark problem

formulation is similar to the one described in problem P,, where (4d) is now expressed as,

B v A PsiYopi ) < Qint - 8)

In the benchmark case, we do not have sensing information about PU existence, hence, we
consider the worst case (to protect the PR) scenario where we let P,,. = ;. Let us call the

new problem after changing (4d) into (8) as P;, formulated as follows,

Py Ir)rsl(l% (4a) (9a)
s.t. (4b); (4c); (8) . (9b)

Now, we focus on the channel inversion power policy, which is defined for the benchmark

system as follows,

O, Vsi < Yvi
Py (v) = ; (10)

o Vsi Z Yoi

Yor?
where 7,; is a SU’s channel quality threshold (to be optimized) and o; is the power inversion
coefficient (to be optimized). The corresponding vector notation is o = {oy,...,0n}. The
variable ,; gives an indication about the SU channel ,;; whether it is in deep fade, so we stop
transmission, or in good condition, so we continue transmission. This power policy is defined
in this form to preserve a fair comparison to the proposed scheme in II1-A2.

In order to solve problem P;, we begin by solving the expectation in (8). Since both ~,; and

Vspi are independent variables, while taking into account the assumed power policy in (10), we
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can separate both integrals as follows,

oo 1 o0
0; / - Frai (Vsi)dvsi / Vspi S vapi (Vspi)AYspi < Qint - (11)
0

Yvi 51

The first integral results in a function of v,;, G(y) = [0 -

N [+ (7si)d7si, which depends on

the PDF of ~,. The second integral results in 7,,;, the average value of the ;. Thus, (11)

might be written as,

Vopi 0i G (Vi) < Qine - (12)

In order to utilize Theorem 1, in obtaining a global optimal solution to the benchmark problem,
it is necessary to verify that constraint (12) is jointly quasi-convex with respect to both o and
~»- This can be verified via two steps. The first step is to show that the function G(~,;) is a

non-increasing function with respect to v,;. This is deducted by using Leibniz rule on G(,;),

. d 8 o 1 1
e, 57-G(Wwi) = 3, f%i =Sy (Vsi)dysi = —5-f5,.,(7wi). In the second step, we show that
the product of a non-increasing function and a quasi-convex function results in a quasi-convex
function, as in the following lemma. Note that, in the following lemma, the notation of all

optimization variables is replaced by a vector x, for notation generality.

Lemma 2. Let f(x) be a quasi-convex function and g(x) be a non-increasing function. Define
a function z(xX) as the product between f(x) and g(x), such that, z(x) = f(x)g(x). Then, z(x)

is a quasi-convex function with respect to X.

Proof: The proof is given in Appendix B [ ]

Knowing that G(,;) is a non-increasing function and 75, o; is a quasi-convex function, hence,

it is verified that constraint (12) is jointly quasi-convex. Thus, satisfying the KKT conditions is
enough to obtain a global optimal solution to the corresponding problem.

The benchmark problem, P, is reformulated by introducing a new optimizing variable ¢. Let us

note the new problem, after introducing t, as P’;. Hereafter, we use the definition of equivalency

between two problems as in [25], (i.e., “Two problems are equivalent if from a solution of one,
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a solution of the other is readily found, and vice versa”). Problem P’; is expressed as follows,

P’y :min ¢t (13a)
t,o,7,
ESY po k,
.. 121 P (0) (+) <t (13b)
>y log (1 + 1+P,,VZ:>
P, < Ppaw, Yie{l,...,N} (13¢)
Z log(L+ ") > Ry, (13d)
1 + Ppypsi
’Ys_pZO'lG(’)/m) S Qint7 Vi € {1,,N} (136)

Note that constraints (13c), (13d), (13e), and (13f) are equivalent to constraints (4b), (4c), (8)

and the inequality condition in (10), respectively.
Proposition 1. Problem P| is equivalent to problem P;.

Proof: The proof is presented in Appendix C. [ ]
Note that problem 7P is also called the epigraph form of P;. Therefore, by definition, problems
P; and P; are equivalent. The global optimal solution is found by utilizing the Lagrangian
multiplier method, i.e., constructing the Lagrangian function and satisfying the KKT conditions.

The solution of problem (13) is stated in the following theorem.

Theorem 2. The optimal values of the three optimization variables of problem P’y are obtained
as follows,
o The optimal value of o; has two distinct expressions depending on the value of \o;, which

is the Lagrangian multiplier of constraint (13e), and they are obtained as follows,

+

* . 1+P, »

- =0 = ;T—Z = min ([)‘}:31)‘3 — +7p7”“] ,Pmax), where A\ and A3 are the
S S

Lagrangian multipliers of constraint (13b) and (13d), respectively.

- Xy # 0 = o is expressed as the solution of a quadratic equation as, o =

+
. —bt+/(b2—4ac) 1 14+7vpsi Pp >\21 (A1t+A3)
min {T ,Omn | » Where, a = ==, b = | =25E o SHQ — S|,
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— Qint
G('Yv'i )’Yspi :

and, ¢ = ,Q—Q;Ith(l + 'ypsiPp)], Omn = Min (077, PraeYsi), and, o)
o The optimal value of -,; is found by solving the following differential equation, which

depends on G(7,;),

0 i

—G(Wi) = —+——
(i) A2 YspiTi

OVvi ’ (1

where \y; is the Lagrangian multiplier associated with constraint (13f)
o The optimal value of t is found numerically for general N by solving the following equation,

ﬂ (1 + "—) —exp(1/M) =0. (15)

i=1 1 + PPVpsi

Proof: The proof is presented in Appendix D. [ ]

The analytical results of Theorem 2 for the optimization variable o; takes either a water-
filling shape (\y; = 0) or a quadratic form (if \y; # 0). It is observed from (14) that the SU
channel quality threshold +,; depends on how critical both the constraints (13e) and (13f) are,
which affect the values of \y; and )4, respectively. Furthermore, the value of v,; depends on
the transmit power variable (o;). The Lagrangian multipliers A;, \9;, A3, \y; are obtained via
numerically solving the corresponding KKT conditions.

2) Proposed System Analysis: In this section, we formulate and analyze the proposed problem,
using the sub-optimal approach. In order to show the sensing effect, we consider the general case
where PU is OFF (idle) and PU is ON (active), while considering the two sensing hypotheses,
% §zé Yui- The new problem follows a similar formulation as problem P,, where constraint

(4d) is now expressed as,

E%z‘,”/spi,Ci{Psi (7) Vspi — Pave} S 0. (16)

The parameter F,,. is included in the expectation because the choice of F,,. is based on the
sensing metric (;, recall (5). We call the new problem that substitutes (4d) in Py by (16) as Ps.
Our optimization variables of P, are: SU transmission power (P,; (y)), sensing metric threshold
(i), and SU channel quality threshold (7,;). Since P,; is a function of three random variables,

Ys,Ysp» and ¢, and the expectation in (16) is a function of P,

s1°

it is clear that we are dealing
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with a functional of functions. Therefore, for simplicity in solving inequality (16), we utilize the

channel inversion power policy as follows,

Oa Ao () < Yui U Vi < Yoi
p. - e e S e (17)

ho(& . : .
1) > Yui N Vsi > VYvi

=2
3.
=

It is seen that the power policy in (17) reduces to that of the benchmark system in (10) if the

hO(Cl)
h1(Gi)

convenient form, as summarized in lemma 3.

sensing constraint < > ym) is ignored. In order to solve P,, we reformulate (16) into a

Lemma 3. Considering the power policy mentioned in (17) and the three averaging variables

Vsi» Vspi» and C;, constraint (16) is reformulated as follows,

0Yspi G (Vi) [0 01 (Yus) + 000 (Yui)] < [0Fo1 (Vus) Qint + A o0 (Yui) Pl (18)

where Km(%i) = f hl(Cz)dCz: KOO ’Yuz fZ hO Cz dCz

Proof: Utilizing (17) the first term of constraint (16) is rewritten as,

o o ho(Q) ho(C)
E sty VspirGi _rys 74:| - OC]E 51y VspisSe |: ’YS ) PU ON7 P = uz PU 1S ON
YsiVspirG [%i P VsisVspirG Vsi P | hl(Cz) h1(@) Vuil
- g; O(Cz) hO(C@)
+ K, i [ Yspi|PU 1s OFF, > %,} Pr { > 7,i|PU is OFF
Tei oG Vsi P | hl(Ci) hi(G) |

(19)
where, for the ease of notation, & = Pr[PU is ON] and @ = Pr [PU is OFF|. The notation Pr[.]
is the probability of the in-bracket event. We begin by solving the first term of (19), which
consists of two unknown quantities and one known probability . The second term can be solved
similarly. We utilize the independence among i, Vspi» and (; to solve the expectation in (19)

as follows,

0i ho(G) }
E s1yVspiGi PYS 7 PU ls ON 2 f)/uz e
i F 70 T (G)

o 1 o L
Uz’/ —fwsi(’Ysz’)d%i/ ”Yspifwspi(’Yspi)d’Yspi/Z hl(Ci)dCi = Ui’YspiG(’Ym)K01(”Ym),
Vi 0 0

st

(20)

where, Zj is as defined in Sec. II-B. Both the first and the second integrals can be solved in a
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similar way as solving (11) to obtain (12). As for the third integral, it can be represented as a

function of ., Ko1(7ui) = J. Z h1((;)d¢;. The other two terms in (19) are expressed as follows,

ho(¢s)
hi(¢)

Pr {ho(Q) > 7,i|PU is ON} — Koi1(74) and Pr{

> 7,ilPU is OFF| = Koo (7us).

21

The second term of constraint (16) is rewritten by considering (5) as follows,

ho(G) : } _ lho(Q) . } ]
B yopi i [Pave] = [aPr > 7.i|PU is ON| Qe +aPr > 7.:|PU is OFF| P| .
e [P { [hl(@) | : hi(G) |
(22)
Finally, (18) in Lemma 3 can be deducted by combining (19), (22), (20), and (21). |

Comparing (18) and (12) the difference between the proposed system and the benchmark
system is observed. In (18) a sensing related function appears in the P and @);,,; terms, which
allows us to aggregate more on the PU channel. It is observed that the function Koo(7y;)
acts as the complement probability of the false alarm, i.e., correctness probability. Whereas,

Ko1(74;) acts as a miss detection probability, i.e., errorness probability. It is clear that increasing

ho(¢i)
h1(&:)

feasibility region of constraint (18). On the other hand, increasing ~,; results in decreasing both

results in increasing the { region Zy. Therefore, increasing Koo(7.i), which increasees the

Koo(vui) and Ko (7,;) which reduces the the feasibility region of constraint (18) up to a certain
level depending on the values of the parameters ();,; and P.

In order to utilize Theorem 1 in solving problem Ps, it is necessary to verify that constraint
(18) is a jointly quasi-convex with respect to o;, Vi, Vui- Earlier, in Lemma 2, it is shown that,
without introducing the sensing variable v,;, the original constraint is a quasi-convex one. The
quasi-convexity property of constraint (18) is verified in two steps, in a similar line with the
quasi-convexity proof of (12). The first step is to show that the sensing information part of the

constraint, depends on -,;, is non-increasing. The second step is to show that the product of

(0:75pi G (70i)) and <[a %jﬁgi(;élff;’g’(ﬂﬁ]) P}> has a quasi-convex structure. It is proved, earlier,

that (0,75:G (i) has a quasi-convex structure. Furthermore, it is shown in Appendix E that

<[ [0 K01 (Yui)+ Koo (Yui)]

Kot (i) Ot e Koo (rad) P]> is a non-increasing function with respect to -y,;. Thus, Lemma 2

verifies the quasi-convex structure of constraint (18). Hence, problem P,, including constraint
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(18), satisfies Theorem 1. Therefore, satisfying the KKT conditions is enough to obtain the
global optimal solution.

Problem P, is converted to P} in a similar way to the conversion of P; to P;. Furthermore,
we follow similar steps of Theorem 2’s proof in constructing the Lagrangian function of P} and
satisfying the KKT conditions. It follows that the optimal value of o; is derived in the following

Proposition.

Proposition 2. Considering the power policy mentioned in (17), the optimal value of % of the

proposed system formulated in ‘P, is derived as follows,

% ({ &t + A3) _ 1+ prypsz)} )L @
Vsi kA + )\2iG(%z‘)%p¢ [CYKm(%z‘) + CYKOO(%z‘)] Vsi
+ _ i [ ow _ aKo1(yui)Qint+a@Koo (yui) P
where, I = min <'YSi ’ Pma"")’ and 0., = G('Yvi)'yTpi[aKOlE'Vui)""aKOO('Yui)}.

Proof: The proof of Proposition 2 is done in a similar way to the one of Theorem 2, except

that we use constraint (18) instead of constraint (13e) to construct our Lagrangian function. W
The first term of the minimum function in (23) can be interpreted as in the water-filling
power policy with the addition of the sensing information effect, expressed in [aKo1(7ui) +
a@Koo(vui)], and the SU’s channel quality effect, expressed in G(,;). The effect of sensing
reduces the power when constraint (18) is critically satisfied. On the other hand, the allocated
power is increased when the term [«Kq; (V) + @Koo(Vus)] is decreased; we know that this

term is inversely proportional to -,;. Taking into consideration that increasing the soft-sensing

ho(¢i)
> h1(¢i)

errorness probability. Thus, optimizing ~y, will be also controlled by

information parameter. , results in increasing the correctness probability and reducing the

ho(¢i)
h1(¢i)”

In order to obtain the optimal expression for the other two variables, ~,; and ¢, we follow

similar procedures as in (14) and (15), respectively. It is difficult to obtain an analytical expression
for ~,;, because of the structure of both functions K0 (7,;) and K1 (7y;). Therefore, the global
optimal value of +,; is obtained through a numerical method, such as, bisectional method. This
is easily done, and guaranteed, since constraint (18), which contains the non-convex complicated

function of ~,;, is a quasi-convex constraint, as proven earlier.
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B. Optimal Approach

In this section, we begin by introducing a common system analysis, through an optimal
approach, for both the benchmark and the proposed systems. Then, we tackle the analysis of
the benchmark system. Finally, we proceed with the analysis of the proposed system.

1) Common Problem Formulation & Analysis under an Optimal Approach: In Sec. 11I-A2,
we utilized the sub-optimal approach in order to avoid dealing with an optimization problem
that involves a functional of functions variables under instantaneous objective function with
an average constraint. However, in this section, we directly tackle this problem through the
calculus of variation principle. A necessary background on the calculus of variation is explained
in Appendix F. We begin our common problem analysis by manipulating our problem, Py, to be
suitable for the usage of Euler-Lagrange theorem (Appendix F). The main difference between
our problem and the framework of Euler-Lagrange formula is the structure of the objective
function and some constraints. Our problem, Py, has an expectation (integration) in the averaged
interference constraint (4d), thus, we need to introduce the integral in the objective function.
Considering a similar approach to the one used in converting P; into P}, our objective function

is equivalent to

min t (24a)
P ()
s.t. k; Z P,(y)+ke—t (Z log ( PZYS% )) <o, (24b)
psi

with (24b) as additional constraint. Similar to Sec. III-A2 and Sec. III-A1 the variable ~ is
substituted by v, and ~, in the benchmark system case, and it is substituted by v, 7,, and ¢
in the proposed system case.

We incorporate the integration to the objective function. Fortunately, our new objective function
(24a) is not a function of the averaging random variables 7y,;, vspi, and (;, thus, the expectation
of ¢t w.r.t. them is still . After some manipulations based on Appendix F the original problem
becomes,

Ps;:  min E,, [t] (25a)

t,Ps(7)
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s.t. E., [vo+ktZP )+ ko —t <Zlog (1%1%’@7%))] =0 (25b)
p Ipst

=1

E,, |05 - Zlog (1+ 7)%’)+Rmm =0 (25¢)
+ Py Ypsi
E., [P, (7) Yspi — Pavel <0 Vie {1,...,N}, (25d)

where, v5 and v are dummy variables defined in Appendix F. Problem Ps is easily solved

through the Lagrangian method, in a similar way as P; and Py.

2) Benchmark System Analysis: This section shows the derivation of the optimal resource
allocation of the benchmark system under the optimal approach. The optimization problem of
the benchmark case is expressed as in (25), where we substitute 7; by both v and ~s,,. The
construction of the corresponding Lagrangian function is done in a similar way to the previously
solved problems. The expression of the optimal P, () and ¢ is shown in Proposition 3 and

(28), respectively.

Proposition 3. The optimal value of the allocated power P; (v) for the benchmark system under

the optimal approach is derived as follows,

\ . (At + As) (1+ vapsi)] L
P5(y) =m - B, 26
0 (1) " ( |:(k5t>\1 + AoVepi) Vsi " (26)

where \i, \o, and A3 are the Lagrangian multipliers corresponding to (25b), (25d), and (25¢),

respectively. P," = min (P,;, Praz), P = Qint

Vspi

Proof: Following similar approach of generating the Lagrangian function in Theorem 2
and utilizing the calculus of variation techniques in Appendix F, our new modified Lagrangian

function is expressed as,

P %%Z
L—t A k 7, k_t ]. SZ )\z z sPpi in
71)757/
Az |v log(1+ —=“—"—) + Rn
[2 Z + PyYpsi

(27)
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’ BPS’L

Following similar steps as in the previous sections = 0, we obtain the optimal power
allocation as in (26) [ |

It is seen that the solution in (26) has a water-filling solution form. However, it does not
depend either on the sensing threshold (+,;) or on the SU channel quality threshold (+,;). This is
due to the fact the the optimal benchmark scheme does not exploit either the sensing information
or a channel inversion power policy.

The optimal value of variable ¢ is found numerically for general N as in (15), whereas, for
N =1, it is found explicitly as follows,

(1 + Pp'ypsz’)(ktAl + ’Ys_pz/\g) _ é
%i)\l )\1 '

t* =exp(1/A\1) (28)

This can be shown by solving the equatlon = 0, using (27). It is observed that the ¢ in (28)
does not depend directly on other optimization variables, but indirectly through the Lagrangian
multipliers.

3) Proposed System Analysis: In this section we consider the analysis of the proposed system
using the optimal approach. We take into account both ON (active) and OFF (idle) hypotheses of
PU with the associated probability o and @, respectively. Furthermore, the sensing information
is considered through hoggg <H1 Yui- Our targeted problem is equivalent to P; while replacing
v, by three random variable vs;, 7spi» and (;. In order to obtain the optimal solution of our
problem, we analyze the average interference constraint in (25d) in a similar way to the one

in (18) while utilizing the Euler-Lagrange theorem, Appendix F. The analytical solution of our

problem is stated in Proposition 4, as follows.

Proposition 4. The optimal allocated power for the proposed system, (25), using the optimal

approach is derived as follows,

P, = min <Pw ,

(Mt + As) a4 vapsi)] *) o)

Fids + Ao TapiloKor () + G oo (Yui) 1] Vsi

[OéKm ('Y?L'L)ant“l‘aKOO ('Yut) 7y Eglg P}

Yspi [aK()l (Wui)+04KOO (’Yuz) h(l)(?;] '

where, P}’ = min (P,,, Ppaz), and P, =

Proof: Following the same approach of generating the Lagrangian function in Theorem 2
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and utilizing (19), (22) and the calculus of variation techniques in Appendix F, the new modified

Lagrangian function is expressed as,

L=t+X\

N
2 52’751
vy + ki E i T ke —tE log(1 1+Pp’ypsz)

=1

+ A3

N P
v — Zlog(l + %) + Roin

pVpsi

ho(C:)

m) — <aK01(%z-)th+@K00<%")P Mﬂ '

h1(G:)
(30)

+ Z A2i { si Vspi (OéKm (Yui) + @K o0 (Vui)

Similar to Sec. III-A2, it can be shown that the optimal solution (29) resulted from differentiating
the Lagrangian function (30) and satisfying the KKT conditions is a global solution. [ ]

Note that the structure of (29) is similar to the one in (23). However, (29) does not depend
on 7y, as in (23). This is because we did not adopt the channel inversion power policy in the

optimal approach. In addition to the effect of the optimized sensing threshold, ~,;, the impact of

ho(6)
h1(i)

of (18), increasing e E ; leads to larger feasibility region of the interference constraint. Thus,

hOCL
> ha(Gi)

the soft-sensing information parameter appears in (29). As stated earlier, in the explanation

directly decreases P,;, but,

S1°

enlarging the feasible set of the optimal P,,. Furthremore
increases P, which also affect P,; indirectly.

The optimal value of the variable ¢ is derived for general N as in (15). In particular, for
N =1, t is derived as follows,

exp(1/\)

=
Vsi/\l

(1+ Pyipsi) (/% + Tapia {O‘K‘”(’W) + ool Z?Egﬂ >] ij
€19

Note that (31) has a similar structure as (28), except for the effect of the sensing threshold ~,;.

IV. SIMULATION RESULTS

In this section we begin by finding the expressions of the previously derived formulas based on
specific distribution. Furthermore, we numerically evaluate both the sub-optimal and the optimal

proposed resource allocation schemes in comparison with the benchmark ones.
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A. Application on Specific Distributions

We assume that the fading channels vs;, 75, and 7, are independent identically distributed
random variables that follow an exponential distribution. Furthermore, although ¢; is not a Gaus-
sian random variable, we use the central limit theorem to approximate it as a Gaussian distributed
random variable, which simplifies the analysis without loss of generality. This approximation is
done for both hypotheses H, and H;, with means i, ft;, and variances §2, 07, respectively,
and can be calculated as in [26]. Since we obtain a sufficiently large number of samples

for (;, it is reasonable to use the Gaussian approximation in our analysis. The correspondlng
(¢i—ro)
exp(— =i 05)

PDF of both hypotheses are hy(¢;) and hi((;), and expressed as, ho((;) = \/T—nfsé , and
exp(— L)
hi(G) = —F5—

Following the same assumption on ¢;’s PDF, we can find that the region Zy € [p1(Vui), p2(Vui)]s

which can be found as,

p1(Vui) = ao <a1 + /b — log(fym-)) and  pa(vui) = ao <a1 —/b— log(’ym)) , (32)

26262 (67—62) 62 po—082 1 (p1—p0)?
where, ay = e = W and b = 20T=62) + log . Following similar

assumptions, (14) can be simplified as,

)\ ~
Yoi = W ( 2 Yspi o—i) : (33)
i

where W is the principal branch of the Lambert function [27], which is the solution of z exp(x) =
y, i.e., v = W(y).
Furthermore, exact values can be found for the mentioned general functions of both ~,; and

Yui» as follows,

G(%i) = F (%z‘), (34)

where E(.) is the exponential integral function given by E;(z) = [ %dt. Also, we find that
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Ko1 (i) can be expressed as follows,

Km(%z’) = Q(flz(%z‘)) - Q(fn(%z')), (35)

2 N
where Q(.) is the Q-function, defined as Q(z) = 5= [ ¢ = dt. The function fi(v.:) = W’

and fis () = 201 Furthermore, Koo(Yui) = Q(foo (Yui) — Q(for (7ui))> where, fon (i) =

pl('ng;)_NO’ and foo(vui) = pz(v%i))—uo.
In the next sub-section, numerical evaluation of all systems are presented under the assump-

tions mentioned in this sub-section.

B. Numerical Evaluation of both the Proposed and Benchmark Systems.

In this section we numerically evaluate the performance of the proposed systems (optimal and
sub-optimal schemes) versus the corresponding benchmark systems (optimal and sub-optimal
scheme without sensing information). Two metrics are considered for the system evaluation. One
is the secondary minimum achievable EPG. The second is the outage metric, which is defined
as the event where there is no feasible solution of the corresponding optimization problem. The

simulation parameters are mentioned in Table 1.

TABLE I
SIMULATION PARAMETERS

Parameter Name Value
Sensing averaging bits 100
Primary transmitter power
(Pp) 27 dBm
Secondary transmitter power
(Praz) 27 dBm [28]
# Monte-Carlo iterations 10000
Wireless channels Rayleigh,

Slow Flat Fading
# Subcarriers (V) 8
P (fixed case) 20 dBm, 27 dBm
Qint (fixed case) 0 dBm, 5 dBm
Minimum Rate (R,,;n) 1 bit / symbol

It is known that the minimum EPG is resulted from minimizing the secondary transmission

power and the corresponding rate. However, note that we have a minimum rate constraint R,,;,.



23

Therefore, we define the EPG outage probability as follows,

0 ; A feasible solution exists
EPG Outage = . (36)

1 ; No feasible solution exists

Figure 3 shows the EPG outage performance of all proposed and benchmark schemes versus
Paz- It 1s observed that both proposed schemes outperform the benchmark ones. We also note
that the difference in performance between the proposed optimal scheme and the proposed sub-
optimal scheme depends on other parameters, such as, d; and N, where, d, is the distance
between the ST and SR. Note that at low d; = 5m both scheme achieve almost similar
performance. Increasing d; up to 12m increases the gap between both schemes such that the

optimal scheme achieves 0.1 lower outage performance.

EPG outage
o o
SR

°
~
T

-e—optimal, no sensing
0.21 |-+ -suboptimal, no sensing
—optimal, with sensing

0.1 - -sub-optimal, with sensing

1 1 1
%0 22 24 26 28 30 32 34 36

Fig. 3. EPG outage performance versus Py,q. for all schemes.

Figure 4 shows the CDF performance of the EPG metric for different P,,,.. We note the slight
improvement of the optimal scheme compared to the sub-optimal scheme. It is observed that by
increasing P,,.., up to a certain value, the CDF performance of the EPG metric improves for
both proposed schemes.

Figure 5 shows the EPG outage performance of both the proposed schemes, optimal and
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Fig. 4. CDF performance of the EPG metric for different P,,q, for all schemes, ds = 12 m.

sub-optimal, versus the number of subcarriers (/V) for two values of maximum power threshold
(Pae)- It is observed that the optimal scheme outperforms the sub-optimal one under both
Pror = 27 dBm and F,,,, = 29 dBm. However, we note that by decreasing the power threshold
(Phae) the difference in performance increases between both schemes. Such that by decreasing
Ppar from 29 dBm to 27 dBm, the difference in outage performance, between both schemes,
increases from 0.02 up to 0.22. This means that the performance improvement of the optimal
schemes is better highlighted at low power thresholds. As expected, the performance of both
schemes improves by increasing the number of sub-carriers N.

Figure 6 shows the CDF performance of the EPG metric for both proposed schemes, optimal
and sub-optimal, under N = 36 and N = 46. It is observed that the optimal CDF performance
of the EPG metric outperforms the performance of the sub-optimal scheme in all cases. It is
noted that the gap in the performance improvement increases by increasing N from 36 to 46.

Figure 7 shows the EPG outage performance of the optimal scheme, proposed and benchmark,
versus « for N = 4 and N = 6. It is observed that the outage performance of the proposed
scheme degrades by increasing «, as expected. On the other hand, the outage performance of
the benchmark scheme does not change by changing «. Note that the outage performance does

not reach zero at & — 0 because of the sensing metric effect in the optimal scheme. This occurs
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because we always have error in the sensing performance.

25

Figure 8 shows the CDF performance of the EPG metric for different values of o under the

optimal proposed scheme. It is observed that the CDF performance improves by decreasing the

value of a. We note that at low values of o the CDF performance does not achieve a large

improvement gap as in the case of large «. For example, at high values of « the improvement
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is noticeable, about 15 EPG units by decreasing o from o« = 1 to o = 0.9. However, decreasing

a from o = 0.1 to o = 0 does not achieve high improvement.
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CDF performance of the EPG metric for different o for the optimal proposed scheme, d; = 1 m.

Figure 9 shows the EPG outage performance of the optimal schemes, proposed and benchmark,

versus the number of sensing samples (/V,). It is seen that by increasing Vs the outage perfor-
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mance of the proposed scheme improves until it saturates on a certain value. It is observed that

changing N, does not affect the benchmark schemes. Note that the improvement gap increases

by increasing N, which is observed for N =4 and N = 8.
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Fig. 9. EPG outage performance versus /N, for the optimal proposed and benchmark schemes, ds = 2 m.

Three new systems, other than the benchmark and proposed systems, have been developed
to extensively evaluate the proposed system. The evaluation of these systems are shown in Fig.
10 and their assumptions are described as follows. The first system minimizes the EPG metric
with a fixed sensing threshold. This system does not optimize over the sensing threshold, ,;, it
is noted in Fig. 10 as “Min EPG, FST”. The second system minimizes the power metric under
similar constraints. It is noted in Fig. 10 as “Min Ps”. The third system considers the cognitive
radio network with the PU being ideal all the time. This system is noted in Fig. 10 as “Min
EPG, PI”. Finally, the original proposed system, optimal approach, with soft-sensing information
is noted Fig. 10 as “Min EPG, SS”. Note that all systems utilize the onboard sensor. Figure 10
shows the EPG CDF of the normalized EPG. The normalization is done with respect to the
maximum EPG value. It is observed that the “PI” achieves a slightly better results compared to
the “SS” system. Note that for the same probability (around 0.95) the proposed system, “SS”,

outperforms the other two schemes “FST” and “Min Ps” by about 0.05 and 0.25 normalized
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EPG units, respectively.

T T T
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0.3 i
0.2} i
0.1} .
O | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3
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Fig. 10. Numerical Evaluation of all systems, Minimum EPG with soft-sensing (proposed system) “SS”, fixed sensing threshold
“FST”, idle primary user “PI”, and the minimum power problem “Min Ps”, a = 0.1, P; = P, = 25 dBm, R.;» = 0.5 bits per
channel use.

V. CONCLUSION

In this paper we proposed two energy efficient resource allocation schemes that utilize the
sensing information. The sub-optimal scheme is proposed based on the channel inversion power
policy, whereas the optimal scheme is based on the calculus of variation principle. We analyzed
both schemes, and derived their performances. Also, we analyzed the benchmark systems where
no sensing is used, for both schemes to evaluate the improvement of the proposed ones. In
addition to our analysis, we showed the superiority of the proposed systems over the benchmark
systems through numerical results. This improvement reaches up to 20 Joules/bit reduction under
the proposed system case compared to the benchmark one. The proposed optimal scheme reaches

a reduction of up to 5 Joules/bit in comparison with the sub-optimal proposed scheme. Utilizing
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numerical simulations, we compared the optimal scheme with three other benchmarks and showed

the relative improvements.

APPENDIX A

PROOF OF LEMMA 1

To proof this lemma, it is necessary to verify that the objective function of problem P, is
pseudo-convex function with respect to the optimization variables, P (). The corresponding
constraints must be verified to be quasi-convex ones with respect to the optimization variables,
P_(7). It is clear that all the constraint are convex ones. Consequently, they are quasi-convex
constraints. To show that £(P (7)), (4a), is pseudo-convex, two conditions must be satisfied
[24],

1) £(P,(v)) is a quasi-convex function on its domain S.

2) If Pi(vy) €S, VEPL(v)) =0, then P (v) is a local minimum for £.

The definition of a quasi-convex function is stated as follows, f(Az1+(1—\)x2) < max(f(x1),

f(z2)). To show the quasi-convexity structure of E(Pg (7)), we divide it into numerator and

N
denominator terms as, E(Pg (y)) = Z((lf’)s((;?; = ?Zl:lpgﬁjﬁl . Convexity and concavity
s 2lis 10%(1+71jrppvpsi

properties of each &, and &, are utilized to show the quasi-convexity of &£, as follows (for notation
simplicity we alternately use equivalent notations as P, (v) = P, £(v) =&, & () = &n, and
Ea (v) = &g, we assume that E(Pf)) < S(Pgl))),

EOPM + (1= NPP) = A, (PLM) + (1 — NEL(PP) (37a)
&, (PM)
<A (PW) + (1 — )= Lg, (PP (37b)
(Ps) +( )5d(Pgl>) a(Pg”)
£,(P) 0 2)
= o) [AEa(P) + (1 = N)Ea(PY)] (37¢)
Eq(P5Y)
< Es(WPY + (1 - \PP (37d)
= gd(Pgl)) [ d( ( ) )]
g, (APg” (1- A)P§2)> £.,(P)
— < (37¢)
& </\P§1) v (- A)P§2)> E4(PY)

— EOPY + (1 - NPP) < gPWM), (37f)

S
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where (37b) results from the fact that £ (Pg)) <¢& (Pél)), (37d) is valid because of the concave
property of &,.

The second step, in of proving the pseudo-convexity of & (P,), is to show that V& (PZ) = 0.
It is clear that V& (P%) = 0 iff VE, (P%) & (PL) — &, (PL) VE,(PZ) = 0. Then, VE, (P) =
E(P:)VE,; (PY). Utilizing the properties of &£, function,

& (Py) = &, (PY) + VE, (PY) (P, — PY) (38a)
=&, (Pg) + E(PY) V& (PY) (P, — Py) (38b)
> & (PY) + E(P) (Ea (Py) — &4 (PY)) (38¢)
=& (PY) +E€(P)) & (Py) — & (P)) (38d)

gTL (Ps) *
£, (P.) > E(Py), (38e)

where (38a) follows from the convex property of &, and (38c) is due to the concave structure
of & (Py).

By combining (37) and (38), it is clear that the function &£ (P,) is pseudo-convex. Utilizing
Theorem 1, the global optimal solution of problem P, is obtained by satisfying the KKT

conditions.

APPENDIX B

PROOF OF LEMMA 2

Without loss of generality, we select x; < Xp. By definition, g(x3) < g¢(x;). Under the
assumption that z(xs) < z(x;) we have two cases for f(x). Case 1, where f(x2) < f(x1), thus,
f(Azy 4+ (1 — N)xg) < f(x71). Case 2, where f(x;1) < f(x2), thus, f(Ax; + (1 — A\)x2) < f(X2).

1) Case 1, f(x2) < f(x1): To prove the quasi-convexity we need to show that z(A\zx; + (1 —

N)za) < z(x1) as follows,

FOx1 + (1= A)xp) < f(x1>§ EE; (392)
g9(x1)
< f(Xl)g(/\Xl F (1= Nxo) (39b)
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= z(Ax1 + (1 = A)x2) < 2(x1), (39¢)

where (39a) follows from the quasi-convex definition, and (39b) results from the fact that
g(x) is a non-increasing function.
2) Case 2, f(x1) < f(x2): Knowing that f(x;) < f(x3) and g(x2) < g(x7) it is not always

clear that z(x2) < z(x;). Therefore, we adopt different approach as follows,

g(Axy + (1 — N)x2) < g(x1) (40a)
f(Xl)
< gt 1) (ob)
f(x1)
< g(xl)f()\xl 01— (40c)
= z(Ax; + (1 — M)x2) < z(x1), (40d)

where (40c) follows from the definition of f(x).
Combining both case 1 and case 2, V z2(x2) < 2(x1) = 2z(Ax3 + (1 — A)x2) < 2(x;). This

verifies that z(x) is a quasi-convex function.

APPENDIX C

THE EQUIVALENCE BETWEEN TWO PROBLEMS.

The equivalence between problem P] and problem P; is proved in two steps, one is showing
that the optimal solution of P; is optimal for P, whereas, the other is showing that the optimal

solution of P; is optimal for P;. First, let P} be an optimal solution of P; that minimizes

g= M Ziti Po()the under (4b), (4c), and (8). It follows that P} is a feasible solution for P,

N P (7)7si
iz log(I+ 350 0)

and P since it does not violate any of their constraints. Let us assume that it is possible to have
an optimal solution for P] that is better than P, then the EPG metric in constraint (13b), of
problem P4, is larger than the EPG metric (also objective function) of problem P;. This means
that this solution either violates one of the constraints (13c), (13d), (13e), and (13f) or P} is
not an optimal solution of problem P; which contradicts with the above assumption (that P} is
the optimal solution of P;). Second, assume that the optimal pair of the variables (¢ , P) that

optimizes problem P is designated as (t* , p{") and the corresponding optimal EPG value is
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designated as EPG*. Note that minimizing ¢, the objective function of P;, decreases the left hand
side of constraint (13b), which is the EPG, up to a certain value such that, EPG* = t*. Note that
the optimal p7* satisfies all the other constraints (13c), (13d), (13e), and (13f), and they do not
depend on ¢. Since p}* minimizes EPG under all constraints of Pj, thus all the constraints of
Pi, then p}* minimizes the EPG metric in P; under the corresponding constraints. Now, let us
assume there exist an optimal solution for P; that is better than p’*. This solution either violates
P1’s constraints (4b), (4c), and (8) or the optimal pair (t*,p}") does not minimizes the EPG of
P; and the corresponding objective function ¢, which contradicts with the above assumption.

Finally, we conclude from the first and the second steps that problem P; is equivalent to P;.

APPENDIX D

PROOF OF THEOREM 2

We will separate the proof into three parts corresponding to each of the optimization variables
0is Yui» and t respectively.

The first part is to prove part (1) of Theorem 2, we generate the Lagrangian function of
problem P’y [25], [29], by including both (13)’s objective function and inequalities constraint,
as part of the Lagrangian function. We leave the maximum power constraint (13c) to the end
as an upper-bound, which can also be called clipping policy, just like in the case of iterative

water-filling algorithm, as follows,

L=t+X\ |k +k.o—t) log(l+ ———)| — A3 log(l+ ————) — Ruin
! lz; P)/S’L Z P prSl Z P prSZ
N
+ Z )\21 ’Yspzo_z (sz) th + Z /\41 ’sz 731]
=1 =1
(4D
Differentiating the Lagrangian function w.r.t. o; and equating to zero, % = 0, we obtain the
following general solution for o;,
* +
o { A L By | “2)
Vsi kt)\l + )\21' [’Yspia'z (’YM) ant] Vsi

where, utilizing the Complementary Slackness conditions for constraint (12) we have two cases

to solve for o;:
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+
) , . 14+ Pyypei
e \o; = 0, then we obtain 2 = min ( |2ttds _ 1E050% Pras |-
Vsi ki1 Vsi ’

e A9 # 0, from the slackness conditions we know that (12) becomes equality, then G (7,;) =

(;Q,y—";), and o; is obtained by solving the following quadratic equation
O'-2 1—|—’}/p 'Pp )\2‘ ()\1754‘)\3) )\2'
2 % — = r = int - in 1 siP =0, 43
%i+07 S +)\1Q ¢ Y }+{k’t)\1Q t(1+ 7 p)} (43)

where ¢} = min (0, ., Cmno,ns)
where, 0,,, 1s defined as in Theorem 2.
Then, in order to prove the second part of Theorem 2, it is direct to see that the optimal ~,;

can be found by taking partial derivative of (41) w.r.t. ,; and equating it to zero, as follows,

o 0 -
a,ymL - a,yviG(’yvi))‘%'Yspio-i + )\41' = 0. (44)

from which (14) is immediate. Finally, the third part of Theorem 2, optimal value of ¢, can be

derived using the same Lagrangian function in (41) and finding the zeros of %—f = 0.

APPENDIX E

STRUCTURE OF THE INTERFERENCE CONSTRAINT.

We begin by proving the monotonicity of constraint (18) on the variable ;. Then, the non-
increasing property of (18) is verified with respect to variable 7,;.

It is enough to prove that the function H(+y,;), defined below, is a monotonic function, on ~,;,
to guarantee that constraint (18) is a monotonic one, on 7,;.

aKo1 (Yui) + Koo (Vui)
aQint Ko1(Yui) + @P Koo(Vui)

H (i) = (45)

We ignored both o; and G(v,;) from the constraint because both of them does not depend on
Yui> SO they are just a scaling factor. Note that both Ko (7.:) = |, Z hi(¢)d¢ and Koo(yui) =
S 7o Po(Gi)d¢; are positive quantities. It is assumed that h;((;) has mean 4 and variance 62
which are distant from the mean i and variance 63 of ho((;). Note that H(v,;) is monotonic
function if it does not change from increasing to decreasing (or vice versa). Since H(7,;) is

assumed to be continuous differentiable over the domain of +,;, then the monotonicity can be
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proved by proving that 2 “’7“ # 0. This means that H(,;) does not have a stationary point
(local minimum or local max1mum). We assume that P >> ();,; [30], [31]. Then, it is clear that

H(vu) =~ —oKulw) %. Note that H(~,;) is monotonic on 7, if M is monotonic on ;.

ag,—Koo(7ui) Koo
Since both K¢ (7,;) and Ko;(7,;) are positive quantities, then it follows that if H,,(v,;) = %

is monotonic then H(v,;) is monotonic. Let us take the derivative of H,,(7,;) as follows,

OH, (Yui) B Koo(Vui) 8K§f1y:ui‘) — Ko (’Yui)aKggiZui) (46)
OVui Koo(%n) ‘
Then, 22x0ed) — ( if,
’Yul
OKo1(Vui) 0K o0 (Vui)
K, i — K, — =0. 47
00 (Vui ) Do 01 (Vui) D7 (47)

We begin by assuming that (47) is satisfied and then prove that this assumption contradict with
our original assumptions. Taking one term of (47) to the right hand side and taking integration

for both sides results by the following,

1 1
/K01 Vm)aKol(”Yui) = / —KOO ’}/m)aKOO(fYM) —  log (Ko (Vi) = log (Koo(Yui)) . (48)

Since Ko1(vui) and Koo(v.;) has distinct variance and mean parameters, then (48) cannot be
true. By contradiction we prove that % # 0, which end the monotonicity proof of constraint
(18).

In order to verify the non-increasing property of H,(7,;) we consider that both hy(¢) and
hy(¢) follows Gaussian distribution with mean and variance as mentioned in IV-A. Note that
Yui > 62Q Y (Pp) + py is a lower bound on the sensing threshold 7,; to guarantee a certain

quality of detection probability. Therefore, it is clear that v,; is lower bounded by 1, since

w1 > 1. Recall that Z is defined such that Z?Eg > 7ui- Thus, increasing -,; results in decreasing

the part of Zy(¢) under hy(¢) and increasing the part of Zy(¢) under h;((). It follows that,
vl = [ s [
0

/Z(@ ho(Gi)dG; > /Z(()l) ho(Gi)dG,

and Zél) corresponds to vg). It is clear from (49) that H,,(7Vu;)

(49)

(2)

where, Z; (2)

corresponds to 7,
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is a non-increasing function with respect to ,;.

APPENDIX F

BACKGROUND ON THE CALCULUS OF VARIATION

In this section, we provide the necessary background on the calculus of variation methodology.

The reason for using channel inversion technique as a power policy is to avoid facing the difficult
triple integrals in the sensing (average interference) constraint (16). However, we found that
calculus of variation with some adjustments can solve the problem. It is known that calculus of
variation is a powerful tool to solve optimization problems, which has integrals in their objective
function. There are many books that deal with the theory of calculus of variations, as [32], [33],
thus, we are not going to mention the proofs of the next mentioned theorems.
Suppose we want to find the function y(z) that maximize or minimize the integral fab F(y,y°, x)
w.rt. the equality constraint ¢i(y,y°,x) = 0, Vk = 1,..., K, where, y° = g—z, K is the
number of constraints. Then we define a combination of the objective and constraint functions,
a Lagrangian like function, as,

K

F(y, v, 7) = Fly,p°,2) + > Ml@)en(y, v°, @), (50)
k=1

Finally, to get y, we solve the Euler-Lagrange equation,

OF _doF _

=0,
Oy  dx Jy°

D

where, the second term is zero in case I does not depend on y°. To apply Euler-Lagrange
equation on the inequality constraint instead of the equality, we add a new variable v? to the
inequality constraint as follows,

er(y,y°,7) <0 = @i(y, 9%, 2) +0° = 0. (52)
Now, we generalize Euler-Lagrange theorem into multiple dependent variables, functions, and

multiple independent variables. We state the results of [32], section 17.3. Consider we have the
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following integral problem to be optimized,

12 Tn2
J :/ / Fln(@rean), o yp(ran), y5 (@1.20), oo Yo (T120), T1, ooy T | Ay, o dy,.
11 Tnl

(33)
Considering the above integral problem, we adjust Euler-Lagrange as follows,
af o (of , ‘
- — — =0V i=12,.., d VvV j=12..n,
9y z]: Ox; (ayij> Z P / " (54
where, y;; = gi{?.
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